Abstract. We prove several Liouville-type non-existence theorems for higher order Codazzi tensors and classical Codazzi tensors on complete and compact Riemannian manifolds, in particular. These results will be obtained by using theorems of the connections between the geometry of a complete smooth manifold and the global behavior of its subharmonic functions. In conclusion, we show applications of this method for global geometry of a complete locally conformally flat Riemannian manifold with constant scalar curvature because its Ricci tensor is a Codazzi tensor and for global geometry of a complete hypersurface in a standard sphere because its second fundamental form is also a Codazzi tensor.
Introduction
Let (M, g) be a Riemannian manifold of dimension n ≥ 2 with the Levi-Civita connection ∇. Everywhere in the following we denote by Λ q M and S p M the vector bundles of exterior differential q-forms (1 ≤ q ≤ n − 1) and symmetric differential p-forms (p ≥ 2) on M.
Throughout this paper we will consider the vector spaces of their C ∞ -sections denoted by C ∞ Λ p M and C ∞ S p M, respectively. The Riemannian metric g induces a point-wise inner product on the fibres of each of these spaces.
A symmetric bilinear form T ∈ C ∞ S 2 Mon a Riemannian manifold (M, g) is said to be a Codazzi tensor if it satisfies the equation [1] ; [2, p. 435] ; [3, pp. 24; 56; 68] (∇ X T ) (Y , Z) = (∇ Y T ) (X, Z)
for any tangent vector fields X, Y , Z on M. The Codazzi tensor T ∈ C ∞ S 2 M is called nontrivial if it is not a constant multiple of metric [1, p. 15] . Alongside with it we know from [1, p. 17] that every smooth manifold M carries a C ∞ -metric g such that (M, g) admits a
nontrivial Codazzi tensor T ∈ C ∞ S 2 M. We remark here that this result is essentially local.
Codazzi tensors appear in a natural way in many geometric situations. Therefore, the research on Codazzi tensors is vast and has found many applications, and it would require a very long read to cover all aspects, even superficially. Some of these results can be found in the monograph [2] which was published in 1987. On the other hand, there are many papers on the geometry of Codazzi tensors [5] - [10] which were published in subsequent years.
In turn, we introduced in [11] the notion of Codazzi p-tensors (p ≥ 2) which extends the well known concept for p = 2. Let us recall that a Codazzi p-tensor or, in other words, a higher order Codazzi tensor is a C ∞ -section T of the vector bundle S p Mon M satisfying the following equation:
for any tangent vector fields X 0 , X 1 , ..., X p on M. The theory of higher order Codazzi tensors was developed in the papers from the following list [12] - [15] .
In the present paper we study the question of nonexistence of higher order Codazzi tensors and classical Codazzi tensors on complete and compact Riemannian manifolds, in particular. The classical Bochner technique [16] ; [17] ; [18, pp. 333-363]; [19] and its generalized version [20] will help us to accomplish this task. We must recall here that the classic Bochner technique is an analytical method to obtain vanishing theorems for some topological or geometrical invariants on a compact (without boundary) Riemannian manifold, under some curvature assumption. The proofs of such theorems apply the Bochner maximum principle and the theorem of Green [16, pp. 30-31] . We will also use a generalized version of the Bochner technique in the present paper. Therefore, we will use the maximum principle of Hopf [21, p. 47] , Yau, Li and Schoen results on the connections between the geometry of a complete smooth manifold and the global behavior of its subharmonic functions [22] ; [23] ; [24] . We have demonstrated in our papers [25] ; [26] and [27] that this generalized version of the Bochner technique is effective for the differential geometry "in the large". In addition, the theorems and corollaries of the present paper will illustrate the effectiveness of this method for studying the global geometry of higher order Codazzi tensors and, in particular, Codazzi tensor of order 2 on complete and compact Riemannian manifolds (see our Theorem 1, Corollary 2 and Theorem 3).
It is well known that the Ricci tensor Ric is a Codazzi 2-tensor on an n-dimensional (n ≥ 3)
locally conformally flat manifold (M, g) with constant (not necessarily zero) scalar curvature s = trace g Ric [28] . By using this fact, we will give an application of the Bochner technique to the global geometry of complete locally conformally flat Riemannian manifolds (see our Corollary 5 and Theorem 4). On the other hand, if (M, g) is a minimal hypersurface in the standard sphere S n+1 , then its second fundamental form S is a traceless Codazzi 2-tensor [29, p. 388] . By using this theorem, we will give an application of the Bochner technique to the global geometry of complete minimal hypersurfaces in a sphere (see Theorem 5) .
The theorems and corollaries of this paper supplement our results from [1] and the results of other authors from [2, Theorem 16.9]; [13] ; [28] and [30] .
Main results
Everywhere in this paper we consider a higher order Codazzi tensor T as a smooth section of the subbundle S for T ∈ C ∞ S p 0 M and orthonormal basis { e i } of T x M at an arbitrary point x ∈ M. In this case, T is called traceless. It can be proved that an arbitrary traceless Codazzi p-tensor T is a divergence-free tensor field, i.e. δ T = 0 for the formal adjoint operator δ: on compact Riemannian surfaces of genus γ was determined. It depends only on p and γ.
Additionally the result was extended to genus zero.
The following Bochner-Weitzenböck formula for an arbitrary Codazzi p-tensor
where
and Q P is a quadratic form Q p :
0 M →R which can be algebraically expressed through the curvature tensor R and the Ricci tensor Ric of (M, g).
The curvature tensor R of (M, g) induces an algebraic curvature operator 
Remark 2. The curvature operator
• R has been studied in many papers and monographs.
It is famous for its numerous applications [2, pp. 51-52; 346-347]; [31] ; [32] ; [34] ; [35] .
Beside the curvature operator
• R there is a curvature operatorR:Λ 2 M → Λ 2 M (see [18, pp. 83]). It is also widely used in Riemannian geometry. Examples are given by the well known Gallot-Meyer theorem [18, p. 351] on harmonic p-forms ω ∈ C ∞ Λ p M on a compact manifold (M, g) and its p-th Betti number β p (M), and theorems from [25] and [26] . Therefore
• R is also referred to as the curvature operator of the second kind [34] .
Taking into account (3) and applying the "Hopf maximum principle" [9, p. 47] or, in other words, "strong maximal principal of Hopf" we will prove the following statement. • R > 0 at some point x ∈ M, then T ≡ 0 everywhere on (M, g). As a result, we obtain the corollary that was proved in our paper [11] . Moreover, it is a generalization of the 
Remark 3. In [37] was proved that g (
0 for the sectional curvature sec of (M, g). Therefore, we can reformulate our Lemma 1
and Corollary 1 by using this statement. In particular, we can state that every traceless higher order Codazzi tensor on a compact Riemannian manifold with nonnegative sectional curvature is invariant under parallel translations.
Let us formulate a theorem that supplements Theorem 2 from our paper [11] which was proved for a compact Riemannian manifold. important role in the description of such manifolds [38] . This tensor has the form Sch = (n − 2) −1 Ric − s (2n − 2) −1 g for the Ricci tensor Ric and the scalar curvature s = trace g Ric of (M, g). Let us formulate the following statement.
COROLLARY 2. Let (M, g) be a complete noncompact locally conformally flat Riemannian manifold of dimension n (n ≥ 4) with the nonnegative definite Schouten tensor. Then there is no non-zero traceless Codazzi p-tensor
Remark 4. Corollary 2 supplements to some results on compact locally conformally flat Riemannian manifolds from [13] . We note that the condition of the nonnegative definiteness of the Schouten tensor in the case of constant positive scalar curvature means for a complete manifold that it is compact [18, p. 251].
Let us now consider a non-zero Codazzi 2-tensor on a Riemannian manifold, i.e. a symmet-
First, we consider a symmetric bilinear form T ∈ C ∞ S 2 M as a 1-form with values in the cotangent bundle T * M. This bundle comes equipped with the Levi-Civita covariant deriva- 
In this case, T is a divergence free Codazzi 2-tensor. In addition, from (1) we obtain the equation Everywhere in the following we will consider a harmonic symmetric bilinear form or, in other words, we will consider a Codazzi 2-tensor with constant trace.
We have the Bochner-Weitzenböck formula
for an arbitrary harmonic symmetric bilinear form. Here the sign of the quadratic form Q 2 (T , T ) depends on the sign of the sectional curvature sec of (M, g) [29] . We remind here The converse is also true. Then taking into account of (4) and using the "Hopf maximum principle", we will prove in the next paragraph that the following lemma holds.
LEMMA 2. Let U be a connected open domain U of a Riemannian manifold (M, g) and T be a harmonic symmetric bilinear form defined at any point of U. If the sectional curvature sec e i ∧ e j ≥ 0 for all vectors of the orthonormal basis { e i } of T x M which is determined by the principal directions of the Ricci tensor Ric at an arbitrary point x ∈ U and T 2 has a local maximum in the domain U, then T 2 is a constant function and T is invariant under parallel translations in U.
Moreover, if sec e i ∧ e j > 0 at some point x ∈ U , then T is trivial.
If (M, g) is a compact manifold and a harmonic symmetric bilinear form T is given in a global
way on (M, g) then due to the "Bochner maximum principle" for compact manifold it follows the classical Berger-Ebin theorem [2, p. 436] and [29] which is a corollary of our Lemma 2
(and see also Remark 3). Remark 8. Our Corollary 5 is a supplement to the theorem of M. Tani [28] .
We strengthen the Corollary 5 by proving the validity of the following theorem. 
The following theorem holds. (ii) M S q dV ol g < +∞ at least for one q ≥ 2;
(iii) (M, g) is a parabolic manifold then one of the following occurs:
) is an equator of S n+1 , g 0 ;
(ii) (M, g)is locally isometric to a generalized Clifford torus. 
where the quadratic form Q p (T , T) has the form
for components T k 1 ...k p of an arbitrary Codazzi p-tensor T ∈ C ∞ S p 0 Mwith respect to a local coordinate system x 1 , ..., x n . In deriving the formula we have used the condition of divergencefree of the Codazzi p-tensor T and well-known Ricci identity (11.16) from [41] .
The curvature operator
for local components T ij of arbitrary T ∈S At an arbitrary point x ∈ M we choose orthogonal unit vectors X, Y ∈ T x M and define the tensor θ ∈ S 2 0 M by the equality
That is why the sectional curvature of a manifold (M, g) is everywhere nonnegative if the operator • R is nonnegative definite on any section of the bundle S 2 0 M. Let X ∈ T x M is a unit vector and we complete it to an orthonormal basis X, e 2 , ... , e n for T x M at an arbitrary point
Therefore, the Ricci curvature is also nonnegative definite. Thus, if the operator Let us suppose that (M, g) is a complete noncompact Riemannian manifold with nonnegative curvature operator
• R (and that is why with nonnegative sectional curvature) and with a globally defined non-zero Codazzi p-tensor T ∈ C ∞ S p 0 M for an arbitrary p ≥ 2.
By direct calculation we find the following
Then the equation (3) can be rewritten in the form
By using the first Kato inequality ∇ T 2 ≥ d T 2 (see [46] ), we can write
Therefore, if Q p (T , T ) ≥ 0 then we have ∆ T ≥ 0 and as a result of this T is a nonnegative subharmonic function. Now according to Theorem 1 from [23] we come to the conclusion
a complete noncompact Riemannian manifold with nonnegative curvature operator (and that is why with nonnegative sectional curvature) there exists no non-zero Codazzi tensor
For the proof of our Theorem 1 in the case q > 1 we use the Theorem 7 from [22] . According to this theorem any nonnegative subharmonic function on a connected complete noncompact Riemannian manifold satisfies the condition M f q dV ol g = +∞ for q > 1 or f = const.
Let us suppose that a non-zero traceless Codazzi p-tensor T is globally defined on a complete noncompact Riemannian manifold (M, g) with nonnegative curvature operator nonnegative sectional curvature has infinite volume [22] ; [23] . Therefore, from the inequality C q M dV ol g < +∞ we conclude that T = C = 0. This completes our proof.
Let us prove Corollary 2. Suppose that (M, g) is a n-dimensional ( n ≥ 4 ) complete noncompact locally conformally flat Riemannian manifold. In this case, the curvature tensor R has the following local components [2, pp. 60-61]; [28] :
Then from (8) we obtain the following equalities
for the local component S ik of the Schouten tensor SAh ∈ C ∞ S 2 M and the local components Let us prove Theorem 2. We define the following differential operator: Let us prove Lemma 2. First, we rewrite the Bochner-Weitzenböck formula (4) in the form
where Q 2 T ,T = R ijT ikT j k − R ijklT ikT jl for a traceless Codazzi 2-tensorT .
Second, if T is a Codazzi tensor with constant trace, thenT = T − 1/n trace g T g is a traceless Codazzi tensor such that ∆ B T 2 = ∆ B T 2 and ∇T = ∇T . In addition, one can prove (9) can be rewritten in the form
According to [2, p. 436] and [29, p. 388] we conclude that
where { e i } is a such orthonormal basis of the tangent space T x M at an arbitrary point x ∈
M that the Codazzi tensor T Let T 2 = C (C is a constant) then from (10) we obtain that Q 2 (T , T ) + ∇ T 2 = 0. Since sec e i ∧ e j ≥ 0 it means that Q 2 ( T , T ) = 0 and ∇ T = 0. If there is a point x ∈ U such that sec e i ∧ e j > 0 then from (11) we come to the conclusion that λ 1 = ... = λ n = λ which is equivalent to T = 1/n (trace T ) g (see [2, p. 436] ). Lemma 2 is proved.
Assume that the manifold (M, g) is compact and the Codazzi tensor is globally defined on (M, g) then due to the "Bochner maximum principle" comes into force [16, p. 30] according to which a subharmonic function on a compact manifold is a constant. As a result, from our Lemma 2 we obtain Corollary 3 which is essentially the Berger-Ebin theorem [2, p. 436]; [29] .
Let us prove our Theorem 3. Let (M, g) be a complete noncompact Riemannian manifold with nonnegative sectional curvature and T be a globally defined non-zero Codazzi 2-tensor with a constant trace. In this case Q 2 (T , T ) ≥ 0 and according to the Theorem 1 the norm T is a subharmonic function. Therefore, due to the Theorem 1 from [23] we come to the conclusion that there is no non-zero Codazzi tensor T on (M, g) such that M T dV ol g < +∞.
Let us turn to the Yau theorem [22, p. 663 ]. Yau's theorem states the following: If M T q dV ol g < +∞ for some q > 1 on a complete (M, g) then T = C (C is a constant). In this case, the con-
The latter inequality is not feasible on a complete noncompact Riemannian manifold (M, g) with nonnegative sectional curvature [23] . So T = C = 0 that contradicts the existence of a non-zero Codazzi tensor.
The Theorem 2 is proved.
The Corollary 5 does not require any proof.
And now we prove Theorem 4. Let, as before, (M, g) be an n-dimensional (n ≥ 3) locally conformally flat Riemannian manifold with positive constant scalar curvature s = trace g Ric.
In this case, for the traceless Ricci tensor Ric = Ric − n −1 s g we have
where, due to Lemma 2.1 from [47] , we used the inequalitȳ
Then from the formula (9) we obtain the inequality
One can prove that ∆ B Ric 2 = ∆ B Ric 2 . Therefore, we can rewrite (13) in the following
If we suppose that Ric 2 < (n − 1) −1 s 2 then from (14) we conclude that ∆ B Ric 2 ≥ 0, i.e. Ric 2 is a nonnegative subharmonic function.
In the first case, if (M, g) is a connected complete manifold and Ric 2 has a global maximum point, then due the "Hoph maximum principle" we obtain Ric 2 = C where C is a constant.
In the second case, we rewrite (13) in the following form
where we used the first Kato inequality ∇ Ric 2 ≥ d Ric 2 (see [46] Let us prove our Theorem 5. In the first case, if S 2 ≤ n then from (5) we conclude that S 2 is a nonnegative subharmonic function. If, moreover, (M, g) is a connected complete manifold and S 2 has a global maximum point, then due to the "Hoph maximum principle"
we obtain Ric 2 = C where C is a constant.
In the second case, we rewrite (5) in the following form
Let S 2 ≤ n then from (16) we conclude that S is a nonnegative subharmonic function.
Then for an arbitrary q ≥ 1, either M S q dV ol g = +∞ or S = C [22, p. 664] . Therefore, if
we supouse M S q dV ol g < +∞ for some q ≥ 2, then S = C.
In the third case, if (M, g) is a parabolic manifold then S 2 = C because S 2 is a subharmonic function on (M, g) such that S 2 ≤ n.
Finally, if S 2 = C and S 2 ≤ n then from (5) we obtain either S 2 ≡ 0 or S 2 ≡ n. In the first case, (M, g) must be totally geodesic. At the same time, we know that an arbitrary n-dimensional complete totally geodesic submanifold of the sphere S n+p is a sphere S n [49] .
Therefore, (M, g) has to be an equator S n ⊂ S n+1 . In the second case, (M, g) is locally isometric to a generalized Clifford torus S k (r 1 ) × S n−k (r 2 ), which is the standard product embedding of the product of two spheres of radius r 1 = √ k n −1 and r 2 = (n − k) n −1 , respectively [50] .
